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EXCEPTIONAL HOLONOMY ON VECTOR BUNDLES
WITH TWO-DIMENSIONAL FIBERS
FRANK REIDEGELD
Abstract. An SU(3)- or SU(1, 2)-structure on a 6-dimensional mani-
fold N6 can be defined as a pair of a 2-form ω and a 3-form ρ. We prove
that any analytic SU(3)- or SU(1, 2)-structure on N6 with dω ∧ ω = 0
can be extended to a parallel Spin(7)- or Spin
0
(3, 4)-structure Φ that
is defined on the trivial disc bundle N6 × Bǫ(0) for a sufficiently small
ǫ > 0. Furthermore, we show by an example that Φ is not uniquely
determined by (ω, ρ) and discuss if our result can be generalized to non-
trivial bundles.
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1. Introduction
In his article on stable forms, Hitchin [12] proposed a new method to con-
struct manifolds with exceptional holonomy. The starting point of his con-
struction is a 7-dimensional manifold M with a G2-structure φ that satisfies
d ∗ φ = 0. We can take φ as an initial value for a certain flow equation
such that the solution of the initial value problem yields a parallel Spin(7)-
structure on M × (−ǫ, ǫ) for an ǫ > 0. This idea can be generalized to the
semi-Riemannian case where we obtain a parallel Spin0(3, 4)-structure [9].
The author was supported by the Individual Grant RE 3147/1-1 of the Deutsche
Forschungsgemeinschaft while working on this article.
1
2 FRANK REIDEGELD
Many of the known complete metrics with holonomy Spin(7) are not de-
fined on a manifold of type M × (−ǫ, ǫ) but on a disc bundle over a lower-
dimensional manifold [1, 2, 5, 10, 13, 14, 17]. The reason behind this is that
those metrics are of cohomogeneity one and that the cohomogeneity-one
manifolds of this type are the only ones that admit complete metrics with
holonomy Spin(7) [17].
Bielawski [3] proves another result that fits into this context. Let X be a
real analytic Ka¨hler manifold. We identify X with the zero section of its
canonical bundle. The Ka¨hler metric on X can be uniquely extended to a
Ricci-flat Ka¨hler metric on a neighborhood of X such that the U(1)-action
on the bundle is isometric and Hamiltonian. We thus have extended the
U(n)-structure on the base to an SU(n+ 1)-structure on the bundle.
Motivated by these facts, we attempt to construct parallel Spin(7)- or
Spin0(3, 4)-structures on R
2-bundles. More precisely, let (ω, ρ) be a pair
of a 2-form and a 3-form on a 6-dimensional manifold N6 that defines an
SU(3)- or SU(1, 2)-structure. We search for conditions on (ω, ρ) such that
on M8 := N6 × Bǫ(0), where Bǫ(0) is a ball of radius ǫ > 0 in R
2, there
exists a parallel Spin(7)- or Spin0(3, 4)-structure that extends in a suitable
sense the G-structure (ω, ρ). We also discuss the case where M8 is a bundle
over N6 with Bǫ(0) as fiber.
The problem of how to extend a geometric structure on an (n−1)-dimensional
manifold to a manifold of dimension n with special holonomy or another kind
of special geometry has been extensively studied in the literature [6],[8],[7],
[9],[12],[19],[20]. To our best knowledge the case where the codimension is 2
is dealt with only in [3] and the present paper.
The article is organized as follows. In Section 2 and 3 we give an introduc-
tion to the G-structures that we need and to Hitchin’s flow equation. We
set up our initial value problem and prove that it has a local solution in the
following section. After that we show with help of an example that our solu-
tion can be non-unique. In the sixth section, we finally discuss if our result
can be generalized to non-trivial bundles over 6-dimensional manifolds.
2. G-structures
2.1. G is SU(3) or SU(1, 2). In order to prove our theorem we have to
introduce several G-structures. We start with G-structures on 6-dimensional
manifolds and then proceed to the 7- and 8-dimensional case. A well written
introduction to all of these G-structures can be found in Corte´s et al. [9].
We use similar conventions as [9] and only recapitulate the facts that we
need for our considerations. Although a G-structure is in general defined as
a principal bundle, all G-structures in this section can be described with help
of certain differential forms. Throughout this article we use the following
convention.
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Convention 2.1. Let (vi)i∈I be a basis of a vector space V . We denote its
dual basis by (vi)i∈I and abbreviate v
i1 ∧ . . . ∧ vik by vi1...ik .
Let (ei)i=1,...,6 be the canonical basis of R
6. We define the 2-forms
(1) ωSU(3) := e
12 + e34 + e56
and
(2) ωSU(1,2) := −e
12 − e34 + e56 .
Moreover, we introduce the canonical 3-form
(3) ρcan. := e
135 − e146 − e236 − e245 .
The following lemma is proven in [9].
Lemma 2.2. Let G ∈ {SU(3), SU(1, 2)}. The subgroup of all A ∈ GL(6,R)
that stabilize ωG and ρcan. simultaneously is isomorphic to G.
This motivates the following definition.
Definition 2.3. Let G ∈ {SU(3), SU(1, 2)}, V be a 6-dimensional real
vector space and (ω, ρ) be a pair of a 2-form and a 3-form on V . If there
exists a basis (vi)i=1,...,6 of V such that with respect to this basis ω can be
identified with ωG and ρ with ρcan., (ω, ρ) is called a G-structure.
Hitchin [12] has introduced the notion of a stable form.
Definition 2.4. Let V be a real or complex vector space and β ∈
∧k V ∗
with k ∈ {0, . . . ,dimV } be a k-form. β is called stable if the GL(V )-orbit
of β is an open subset of
∧k V ∗.
Lemma 2.5. Let (ω, ρ) be a G-structure where G ∈ {SU(3), SU(1, 2)}. In
this situation, ω and ρ are both stable forms.
Remark 2.6. The stable forms are an open dense subset of
∧2
R
6∗ and of∧3
R
6∗. There is exactly one open GL(6,R)-orbit in
∧2
R
6∗ and two open
orbits in
∧3
R
6∗. One of them is the orbit of ρcan.. The other one can be used
to define the notion of an SL(3,R)-structure, which we will not consider in
this article.
Let V be a 6-dimensional real vector space and
∧k
s V
∗ be the set of all stable
k-forms on V . We can assign to any ρ ∈
∧3
s V
∗ a certain endomorphism Jρ
by a map
4 FRANK REIDEGELD
(4) i :
∧3
s
V ∗ → V ⊗ V ∗ .
i is a rational GL(6,R)-equivariant map and is described in detail in [9].
i(ρcan.) is the canonical complex structure on R
6 which maps e2i−1 to −e2i
and e2i to e2i−1 for all i ∈ {1, 2, 3}. If (ω, ρ) is an SU(3)- or an SU(1, 2)-
structure, Jρ is a complex structure, too. With help of another map
(5) j :
∧2
s
V ∗ ×
∧3
s
V ∗ → S2(V ∗)
we can assign to (ω, ρ) a symmetric non-degenerate bilinear form. j is also
a rational GL(6,R)-equivariant map that is described explicitly in [9]. If
(ω, ρ) is an
(1) SU(3)-structure, j(ω, ρ) is a metric with signature (6, 0). In partic-
ular, j(ωSU(3), ρcan.) is the Euclidean metric on R
6.
(2) SU(1, 2)-structure, j(ω, ρ) is a metric with signature (2, 4). In par-
ticular,
(6)
j(ωSU(1,2), ρcan.) = −e
1 ⊗ e1 − e2 ⊗ e2 − e3 ⊗ e3 − e4 ⊗ e4
+e5 ⊗ e5 + e6 ⊗ e6 .
Convention 2.7. (1) We call Jρ the complex structure that is associated
to ρ or shortly the associated complex structure.
(2) We call j(ω, ρ) the metric that is associated to (ω, ρ) or shortly the
associated metric. We denote it by g6, since we will also work with
metrics on 7- or 8-dimensional spaces.
We remark that the objects that we have defined are related by the formula
(7) ω(v,w) := g6(v, Jρ(w)) .
We can decide if a pair (ω, ρ) determines an SU(3)- or SU(1, 2)-structure
without referring to a special basis.
Theorem 2.8. Let V be a 6-dimensional real vector space and let ω ∈
∧2 V ∗
and ρ ∈
∧3 V ∗ be stable. Moreover, let Jρ and g6 be defined as above. We
assume that ω and ρ satisfy the equations
(1) ω ∧ ρ = 0,
(2) J∗ρρ ∧ ρ =
2
3ω ∧ ω ∧ ω.
If in this situation
(1) g6 has signature (6, 0) and Jρ is a complex structure, (ω, ρ) is an
SU(3)-structure.
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(2) g6 has signature (2, 4) and Jρ is a complex structure, (ω, ρ) is an
SU(1, 2)-structure.
Remark 2.9. (1) Since J∗ρρ ∧ ρ and
2
3ω ∧ ω ∧ ω are both 6-forms, the
second condition from the theorem is a normalization of the pair
(ω, ρ).
(2) If (ω, ρ) is a pair of stable forms satisfying ω ∧ ρ = 0 and J∗ρρ ∧ ρ =
2
3ω ∧ ω ∧ ω and it is not an SU(3)- or SU(1, 2)-structure, Jρ is a
para-complex structure and (ω, ρ) is an SL(3,R)-structure.
The reason for the above considerations is to define G-structures on mani-
folds.
Definition 2.10. Let M be a 6-dimensional manifold, ω ∈
∧2 T ∗M , and
ρ ∈
∧3 T ∗M . Moreover, let G ∈ {SU(3), SU(1, 2)}. (ω, ρ) is called a G-
structure on M if for all p ∈M (ωp, ρp) is a G-structure on TpM .
Convention 2.11. Since the endomorphism field Jρ in general has torsion,
we call it the almost complex structure on M .
2.2. G is G2 or G
∗
2. With help of the concepts from the previous subsection
we are able to define G2- and G
∗
2-structures.
Definition and Lemma 2.12. We supplement the basis (ei)i=1,...,6 of R
6
with e7 to a basis of R
7. The form
(1) φG2 := ωSU(3) ∧ e
7 + ρcan. is stabilized by G2.
(2) φG∗
2
:= ωSU(1,2) ∧ e
7 + ρcan. is stabilized by G
∗
2.
G2 denotes the compact real form of the complex Lie group G
C
2 and G
∗
2
denotes the split real form. Let V be a 7-dimensional real vector space and
φ be a 3-form on V . If there exists a basis (vi)i=1,...,7 of V such that with
respect to (vi)i=1,...,7
(1) φ can be identified with φG2 , φ is called a G2-structure.
(2) φ can be identified with φG∗
2
, φ is called a G∗2-structure.
Remark 2.13. There are exactly two open orbits of the action of GL(7,R)
on
∧3
R
7∗ [16, 18]. Their union is a dense subset of
∧3
R
7∗. One orbit
consists of all 3-forms that are stabilized by G2 and the other one consists
of all 3-forms that are stabilized by G∗2.
Any G2- or G
∗
2-structure on a vector space V determines a symmetric non-
degenerate bilinear form g7 and a volume form vol7. As in the previous
subsection, there are explicit rational GL(7,R)-equivariant maps
∧3
s V
∗ →
S2(V ∗) and
∧3
s V
∗ →
∧7 V ∗ that assign g7 and vol7 to φ. The explicit
definition of these maps can be found in [9]. The tensors φ, g7, and vol7 are
related by the formula
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(8) g7(v,w) vol7 =
1
6(vyφ) ∧ (wyφ) ∧ φ ∀v,w ∈ V .
Analogously to Subsection 2.1, we have
Lemma 2.14. Let V be a 7-dimensional real vector space and φ be a stable
3-form on V .
(1) If φ is a G2-structure, g7 has signature (7, 0). In particular, g7 is
the Euclidean metric on R7 if φ coincides with φG2 .
(2) If φ is a G∗2-structure, g7 has signature (3, 4). In particular, g7 =
g6 + e
7 ⊗ e7 if φ coincides with φG∗
2
.
We can relate vol7 to the 3-forms on the 6-dimensional subspace span(vi)i=1,...,6.
Lemma 2.15. Let φ be a G2- or G
∗
2-structure on a vector space V and
(vi)i=1,...,7 be a basis of V with the properties from Definition and Lemma
2.12. On span(vi)i=1,...,6 there exists a canonical SU(3)- or SU(1, 2)-structure
(ω, ρ) and we have
(9) vol7 =
1
4J
∗
ρρ ∧ ρ ∧ v
7 .
In particular, vol7 is e
1234567 if φ is φG2 or φG∗2 .
g7 and vol7 determine a Hodge-star operator ∗ on
∧
∗ V ∗.
Lemma 2.16. Let φ be a G2- or G
∗
2-structure. The 4-form ∗φ is stable and
can be described as
(10) v7 ∧ J∗ρρ+
1
2ω ∧ ω .
Convention 2.17. We call g7 (vol7, ∗φ) the metric (volume form, 4-form)
that is associated to φ.
We define G2- and G
∗
2-structures on manifolds as in the previous subsection.
Definition 2.18. Let M be a 7-dimensional manifold and φ ∈
∧3 T ∗M .
Moreover, let G ∈ {G2, G
∗
2}. φ is called a G-structure on M if for all p ∈M
φp is a G-structure on TpM .
2.3. G is Spin(7) or Spin0(3, 4). In this final subsection, we introduce
Spin(7)- and Spin0(3, 4)-structures.
Definition and Lemma 2.19. We supplement the basis (ei)i=1,...,7 of R
7
with e8 to a basis of R
8. The form
(1) ΦSpin(7) := e
8 ∧ φG2 + ∗φG2 is stabilized by Spin(7).
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(2) ΦSpin0(3,4) := e
8∧φG∗
2
+∗φG∗
2
is stabilized by the identity component
Spin0(3, 4) of Spin(3, 4).
Let V be an 8-dimensional real vector space and Φ be a 4-form on V . If
there exists a basis (vi)i=1,...,8 of V such that with respect to (vi)i=1,...,8
(1) Φ can be identified with ΦSpin(7), Φ is called a Spin(7)-structure.
(2) Φ can be identified with ΦSpin
0
(3,4), Φ is called a Spin0(3, 4)-structure.
Analogously to Subsection 2.1 and 2.2, any Spin(7)- or Spin0(3, 4)-structure
determines a symmetric non-degenerate bilinear form g8 and a volume form
vol8. vol8 is given by
1
14Φ ∧ Φ and g8 satisfies a slightly more complicated
relation as (8), which can be found in Karigiannis [15].
Unlike ω, ρ, and φ, Φ is not a stable form. Nevertheless, we have similar
results as in the previous two subsections.
Lemma 2.20. Let Φ be a Spin(7)- or Spin0(3, 4)-structure. In the first
case g8 has signature (8, 0) and in the second case it has signature (4, 4). In
particular, g8 is the Euclidean metric on R
8 if Φ coincides with ΦSpin(7) and
g8 = g7 + e
8 ⊗ e8 if Φ coincides with ΦSpin0(3,4). In both cases, we have
(11) vol8 = vol7 ∧ v
8 .
Convention 2.21. As in the previous subsections, we call g8 the associated
metric and vol8 the associated volume form.
Remark 2.22. (1) Φ is self-dual with respect to g8 and vol8.
(2) Any 4-form on an 8-dimensional real vector space that is stabilized by
Spin(7) or Spin0(3, 4) is a Spin(7)- or Spin0(3, 4)-structure. However,
there is no simple criterion like Theorem 2.8 that decides if a given
4-form is a Spin(7)- or Spin0(3, 4)-structure.
The notion of a Spin(7)- or a Spin0(3, 4)-structure on an 8-dimensional mani-
fold can be defined completely analogously to Definition 2.10 and 2.18.
3. Hitchin’s flow equation
One motivation to studyG-structures is their relation to metrics with special
holonomy.
Definition 3.1. Let G ∈ {Spin(7),Spin0(3, 4)} and let Φ be a G-structure
on an 8-dimensional manifold. Φ is called torsion-free if dΦ = 0.
Lemma 3.2. Let G be as above. The holonomy group of the metric that is
associated to a torsion-free G-structure is a subgroup of G. Conversely, let
(M,g) be a semi-Riemannian manifold whose holonomy is contained in G.
Then there exists a torsion-free G-structure on M whose associated metric
is g.
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Proof. See [11] for G = Spin(7) and [4] for G = Spin0(3, 4). 
Remark 3.3. There are analogous results for G ∈ {SU(3), SU(1, 2), G2 , G
∗
2}.
We also need the following G-structures with torsion.
Definition 3.4. (1) Let (ω, ρ) be an SU(3)- or SU(1, 2)-structure on
a 6-dimensional manifold. (ω, ρ) is called half-flat if dρ = 0 and
dω ∧ ω = 0.
(2) Let φ be a G2- or G
∗
2-structure on a 7-dimensional manifold. φ is
called cocalibrated if d ∗ φ = 0.
Compact Riemannian manifolds with holonomy Spin(7) are hard to con-
struct. However, many non-compact examples with cohomogeneity one are
known [1, 2, 5, 10, 13, 14, 17]. All of the these metrics can be obtained by a
method that was developed by Hitchin [12]. As in the previous section, our
presentation of the issue is similar as in [9].
Theorem 3.5. (See [9, 12]) Let N7 be a 7-dimensional manifold and U ⊂
N7×R be an open neighborhood of N7×{0}. Furthermore, let G ∈ {G2, G
∗
2}
and φ be a cocalibrated G-structure on N7. Finally, let φt be a one-parameter
family of 3-forms such that φt is defined on U ∩ (N
7×{t}). We assume that
φt is a solution of the initial value problem
(12)
∂
∂t
∗7 φt = d7φt
φ0 = φ
The index ”7” emphasizes that we consider ∗ and d as operators on U ∩
(N7 × {t}) instead of U . If U is sufficiently small, φt is a G-structure for
all t with U ∩ (N7 × {t}) 6= ∅. Moreover, it is cocalibrated for all t. The
4-form
(13) Φ := dt ∧ φt + ∗7φt
is a torsion-free Spin(7)-structure if G = G2 and a torsion-free Spin0(3, 4)-
structure if G = G∗2. Let g8 be the metric that is associated to Φ and gt be
the metric on N7 × {t} that is associated to φt. With this notation we have
(14) g8 = gt + dt
2 .
Remark 3.6. (1) The equation ∂
∂t
∗7 φt = d7φt is called Hitchin’s flow
equation. Since ∗7 depends non-linearly on φt, it is a non-linear
partial differential equation.
(2) If N7 and φ0 are real analytic, the system (12) has a unique maximal
solution that is defined on an open neighborhood of N7 × {0} [9].
This is a consequence of the Cauchy-Kovalevskaya Theorem. We
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assume from now that all initial data are analytic. If the initial
data are smooth but non-analytic, examples can be found where no
short-term solution of (12) exists [6].
(3) If N7 is in addition compact, there exists a unique maximal open
interval I with 0 ∈ I such that the solution is defined on N7 × I.
(4) Let f : N7 → N7 be a diffeomorphism, I an interval with 0 ∈ I,
U = N7 × I, and φt be a solution of Hitchin’s flow equation on U .
In this situation, the pull-back f∗φt is also a solution with the initial
value f∗φ0.
There are analogous results for the relationship between half-flat SU(3)-
or SU(1, 2)-structures and parallel G2- or G
∗
2-structures. The evolution
equations
(15)
∂
∂t
ρt = dωt(
∂
∂t
ωt
)
∧ ωt = dJ
∗
ρtρt
yield a one-parameter family of half-flat SU(3)- or SU(1, 2)-structures on
a 6-dimensional manifold N6 if the initial value is half-flat. The 3-form
ωt ∧ dt + ρt is a parallel G2- or G
∗
2-structure on an open neighborhood of
N6×{0} in N6×R. A proof of these facts for the SU(3)-case can be found
in [12] and a for the SU(1, 2)-case in [9].
Moreover, it is known that an SU(2)-structure on a 5-dimensional manifold
that satisfies certain conditions can always be embedded into a not neces-
sarily complete Calabi-Yau threefold [7].
The results that we have introduced in this section suggest the following
more general questions. Let Mn be an n-dimensional manifold with some
kind of special geometry. What is the geometric structure that is induced
on hypersurfaces Nn−1 of Mn? Conversely, can any (n − 1)-dimensional
manifold that is equipped with that kind of geometric structure be embedded
into a suitable Mn? These questions are studied in [6],[8],[19], and [20].
Since we restrict ourselves to the dimension n = 8, we will not go into
further details, but refer the reader to the cited literature.
4. Proof of the main theorem
In this section, we consider a 6-dimensional manifold N6 that carries an
SU(3)- or SU(1, 2)-structure (ω0, ρ0). Our aim is to construct a parallel
Spin(7)- or Spin0(3, 4)-structure Φ on a tubular neighborhood of the zero
section of the trivial bundle N6 × R2 such that the restriction of Φ to N6
is (ω0, ρ0) in a suitable sense. More precisely, let ǫ > 0 be sufficiently small
and
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(16) Bǫ(0) := {(x, y) ∈ R
2|x2 + y2 < ǫ2} .
We denote N6 × {0} ⊂ N6 ×Bǫ(0) shortly by N
6. On that submanifold we
want to have
(17) Φ = 12ω0 ∧ ω0 + dx ∧ ρ0 + dy ∧ J
∗
ρ0
ρ0 + dx ∧ dy ∧ ω0
or equivalently
(18)
∂
∂y
y
(
∂
∂x
yΦ
)
= ω0
∂
∂x
yΦ− dy ∧ ω0 = ρ0
Our first step is to construct a G2- or G
∗
2-structure φ on
Vǫ := N
6 × {(0, y) ∈ R2|y2 < ǫ2}
that satisfies
(19) φ = ρ+ dy ∧ ω and d ∗ φ = 0
for a y-dependent SU(3)- or SU(1, 2)-structure (ω, ρ) onN6. Next, we insert
φ as initial condition into Hitchin’s flow equation, where x plays the role of
the coordinate t in Theorem 3.5. After that, we have finally found our Φ.
We describe how to construct the 3-form on Vǫ. The Hodge dual of φ is
(20) ∗ φ =
1
2
ω ∧ ω + dy ∧ J∗ρρ .
φ is thus cocalibrated if and only if
(21)
(
∂
∂y
ω
)
∧ ω = dJ∗ρρ
dω ∧ ω = 0
for all y. In the above equation, d denotes the exterior derivative on the
6-dimensional manifold N6 × {(0, y)}. We see that any choice of ρ satisfies
the system (21). Since
(22) (ω ∧ ω)y = ω0 ∧ ω0 + 2
∫ y
0
dJ∗ρρ dy˜
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and d2 = 0, dω ∧ ω = 0 is satisfied for all y if it is satisfied for y = 0. Of
course, (ω, ρ) shall be an SU(3)- or SU(1, 2)-structure for all y ∈ (−ǫ, ǫ).
Therefore, the system that (ω, ρ) has to satisfy is in fact
(23)
(
∂
∂y
ω
)
∧ ω = dJ∗ρρ
ω ∧ ρ = 0
2 ω3 = 3 J∗ρρ ∧ ρ
If we take the derivative of the last two equations with respect to y, we
obtain the following system of first order differential equations
(24)
(
∂
∂y
ω
)
∧ ω = dJ∗ρρ(
∂
∂y
ρ
)
∧ ω + ρ ∧
(
∂
∂y
ω
)
= 0
3
(
∂
∂y
J∗ρρ
)
∧ ρ+ 3J∗ρρ ∧
(
∂
∂y
ρ
)
− 6
(
∂
∂y
ω
)
∧ ω2 = 0
with the initial conditions
(25)
dω0 ∧ ω0 = 0
ω0 ∧ ρ0 = 0
2ω30 = 3J
∗
ρ0
ρ0 ∧ ρ0
Since all forms in a neighborhood of ω0 or ρ0 are stable, any solution of
(24) and (25) describes a G2- or G
∗
2-structure if ǫ is sufficiently small. Let
z1, . . . , z6 be coordinates on an open subset U ⊂ N6. The system (24)
consists of 22 equations for the 35 coefficient functions of ω and ρ. It can
be written as
(26) F
(
ω, ρ,
∂ω
∂z1
, . . . ,
∂ω
∂z6
,
∂ρ
∂z1
, . . . ,
∂ρ
∂z6
,
∂ω
∂y
,
∂ρ
∂y
)
= 0 .
ω is up to the sign uniquely determined by ω2 [9, 12]. The first equation of
(24) thus fixes the value of ∂ω
∂y
. The second and third equation restrict ρ at
each p ∈ U to the set S of all ρ that satisfy ω ∧ ρ = 0 and 2ω3 = 3J∗ρρ ∧ ρ.
We prove that S is a smooth manifold and determine its dimension. The
equation ω ∧ ρ = 0 is a linear condition on ρ. It follows from Schur’s lemma
that the image of the map α 7→ ω ∧ α is either trivial or all of
∧5 T ∗pU . The
first case can easily be excluded and the space of all ρ that satisfy the above
condition thus has dimension 14. Let ϕ :
∧3
s T
∗
pU →
∧7 T ∗pU be defined by
ϕ(ρ) = J∗ρρ ∧ ρ. In [9] it is proven that
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(27) (dϕ)ρ(α) = 2J
∗
ρρ ∧ α .
(dϕ)ρ has rank 0 or 1. Since (dϕ)ρ(ρ) = 2J
∗
ρρ ∧ ρ, its rank is 1 and S is
a manifold of dimension 13. (dF )
(∂ω
∂y
, ∂ρ
∂y
)
therefore has maximal rank. The
metric that is associated to (ω, ρ) induces a metric on
∧3 T ∗pU . We denote
the orthogonal projection of a stable 3-form to the tangent space of S by
πω. Our next step is to add the equation
(28) πω
(
∂ρ
∂y
)
= 0
to (24). We obtain a system of type (26), where F is replaced by a an F˜
that satisfies
(29) rk(dF˜ )
(∂ω
∂t
,
∂ρ
∂t
)
= 35 .
With help of the implicit function theorem, the extended system can be
rewritten to
(30)
∂ω
∂y
= F1
(
ω, ρ, ∂ω
∂x1
, . . . , ∂ω
∂x6
, ∂ρ
∂x1
, . . . , ∂ρ
∂x6
)
∂ρ
∂y
= F2
(
ω, ρ, ∂ω
∂x1
, . . . , ∂ω
∂x6
, ∂ρ
∂x1
, . . . , ∂ρ
∂x6
)
Since N6 is a real analytic manifold, F1 and F2 are analytic, too. As in [9],
the Cauchy-Kovalevskaya theorem guarantees that the extended system has
a unique solution on an open neighborhood of N6 ⊂ N6×R. Thus, (24) has
at least one solution on the same open set. If N6 is compact, the solution
exists on Vǫ for a sufficiently small ǫ > 0. With help of Theorem 3.5, we are
finally able to prove our main theorem.
Theorem 4.1. Let N6 be an analytic compact 6-manifold and let (ω0, ρ0)
be an analytic SU(3)- or SU(1, 2)-structure with dω0∧ω0 = 0 on N
6. Then,
there exists an ǫ > 0 and a parallel Spin(7)- or Spin0(3, 4)-structure Φ on
N6 ×Bǫ(0) such that on N
6 × {0} we have
(31)
∂
∂y
y
∂
∂x
yΦ = ω0
∂
∂x
yΦ− dy ∧ ω0 = ρ0
where x and y are the standard coordinates on Bǫ(0).
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5. An example
In this section, we show that the 4-form Φ from Theorem 4.1 is not uniquely
determined by the initial value (ω0, ρ0). Before we start, we define what we
mean by uniqueness in this situation.
Definition 5.1. Let Φ1 and Φ2 be two Spin(7)- or Spin0(3, 4)-structures on
N6 ×Bǫ(0) such that on N
6 × {0} we have
(32)
∂
∂y
y
∂
∂x
yΦ1 =
∂
∂y
y
∂
∂x
yΦ2 =: ω0
∂
∂x
yΦ1 − dy ∧ ω0 =
∂
∂x
yΦ2 − dy ∧ ω0
We call Φ1 and Φ2 equivalent if there exists a diffeomorphism f of N
6×Bǫ(0)
that is the identity on N6 × {0} and satisfies f∗Φ1 = Φ2. Analogously, let
φ1 and φ2 be G2- or G
∗
2-structures on N
6 × (−ǫ, ǫ) such that on N6 × {0}
we have
(33)
∂
∂y
yφ1 =
∂
∂y
yφ2 =: ω0
φ1 − dy ∧ ω0 = φ2 − dy ∧ ω0
φ1 and φ2 are called equivalent if there exists a diffeomorphism of N
6×(−ǫ, ǫ)
with the same properties as above.
We restrict ourselves to the Riemannian case. For our example, (ω0, ρ0) shall
be torsion-free. In other words, N6 together with the initial SU(3)-structure
is a Calabi-Yau manifold. Our strategy is to construct a one-parameter
family of G2-structures φδ on N
6 × S1 such that the standard coordinate
θ ∈ R/2πZ of S1 plays the role of y. After that, we consider Hitchin’s flow
equation with initial value φδ in order to obtain 4-forms Φδ. Let α be a
closed 3-form on N6. We define a G2-structure φδ on N
6 × S1 by
(34) φδ = ω0 ∧ dθ − J
∗
ρ0
ρ0 + δ · sin θ · ∗6α ,
where ∗6 is the Hodge-star on N
6. We have
(35) ∗ φδ = dθ ∧ (ρ0 + δ · sin θ · α) +
1
2ω0 ∧ ω0 .
Since φ0 is a G2-structure, φδ is also a G2-structure if δ is sufficiently small.
Moreover, φδ is cocalibrated and at θ = 0 each term of (33) is independent
of δ. Let g6 be the metric on N
6 that is associated to (ω0, ρ0) and g8,δ be
the metric on N6×S1×(−ǫ, ǫ) that is associated to Φδ. Since φ0 and Φ0 are
both torsion-free, we have g8,0 = g6+dθ
2+dx2 and the second fundamental
form II of N6 ×{(0, 0)} vanishes. If we find an α such that II 6= 0, Φ0 and
Φδ are non-equivalent.
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Let X be a unit vector field on N6. X can be lifted to a vector field on the
product N6 × S1 × (−ǫ, ǫ). Outside of N6 × {(0, 0)}, X is in general not a
unit vector field anymore. For all α, ∂
∂θ
is a unit normal field of N6×{(0, 0)}.
Since [X, ∂
∂θ
] = 0, we have on N6 × {(0, 0)}
(36)
g
(
II(X,X), ∂
∂θ
)
= g
(
∇XX,
∂
∂θ
)
= 12
(
Xg(X, ∂
∂θ
) +Xg( ∂
∂θ
,X)− ∂
∂θ
g(X,X)
)
= −12
∂
∂θ
g(X,X) .
Since we can prescribe the value of a closed 3-form at a fixed point arbitrarily,
there exists an α such that the last term of the above equation does not
vanish globally if δ > 0. We thus have proven that Φ0 and Φδ are non-
equivalent, although they share the same initial values.
6. Outlook
Let N6 be a 6-dimensional manifold and M8 be an arbitrary R2-bundle over
N6. For reasons of brevity, we denote the zero section ofM8 also by N6. We
check under which conditions M8 admits a not necessarily parallel Spin(7)-
or Spin0(3, 4)-structure Φ.
First, we assume that a Spin(7)-structure Φ exists onM8. Let π :M8 → N6
be the projection map and π−1(U) with U ⊂ N6 be the image of a local
trivialization. Moreover, let ex and ey be orthonormal vertical vector fields
on π−1(U) and (ex, ey) be the duals of (ex, ey) with respect to the metric. If
we replace in equation (18) ( ∂
∂x
, ∂
∂y
) by (ex, ey) and dy by e
y, we obtain an
SU(3)-structure (ω, ρ) on U . However, the SU(3)-structure can in general
not be extended to all of N6, since the bundle may not admit two global
linearly independent sections.
Spin(7) acts transitively on the set of all oriented 6-dimensional subspaces
of R8. The subgroup that fixes a subspace is isomorphic to U(3). There-
fore, any 6-dimensional oriented submanifold of a Spin(7)-manifold carries
a canonical U(3)-structure and this is the most natural kind of geometry
to suppose on N6. In terms of tensor fields, a U(3)-structure is defined by
a non-degenerate 2-form ω, a Riemannian metric g and an almost complex
structure J such that ω(X,Y ) = g(X,J(Y )) for all vector fields X and Y . In
our situation, the U(3)-structure is determined by ω := eyyexyΦ and the re-
striction of the associated metric to the tangent space of N6. Our definition
of ω is independent of the choice of (ex, ey) and ω is thus globally defined.
The Spin0(3, 4)-case is completely analogous, since Spin0(3, 4)/U(1, 2) is the
Grassmannian of all positive oriented planes in R4,4.
We return to the local situation. The restriction of the 4-form to the subset
U of the zero section can be written as
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(37) Φ = 12ω ∧ ω + e
x ∧ ρ+ ey ∧ J∗ρρ+ e
x ∧ ey ∧ ω .
We choose another π−1(U˜) and vertical vector fields e˜x and e˜y on U˜ with
the same properties as above. Moreover, we assume that U ∩ U˜ 6= ∅. On U˜
we have
(38) Φ = 12 ω˜ ∧ ω˜ + e˜
x ∧ ρ˜+ e˜y ∧ J∗ρ˜ ρ˜+ e˜
x ∧ e˜y ∧ ω˜
for another SU(3)- or SU(1, 2)-structure (ω˜, ρ˜). On the intersection π−1(U∩
U˜) we have
(39)
e˜x = cos θ · ex + sin θ · ey
e˜y = − sin θ · ex + cos θ · ey
for a function θ : U ∩ U˜ → R. Both terms for Φ coincide only if
(40)
ρ˜ = cos θ · ρ+ sin θ · J∗ρρ
J∗ρ˜ ρ˜ = − sin θ · ρ+ cos θ · J
∗
ρρ
The transition functions for the bundle M8 thus have to be transition func-
tions for the bundle
∧3,0 T ∗N6, too. In other words, M8 has to be iso-
morphic to the canonical bundle of N6 with respect to the almost complex
structure J .
Conversely, we assume that there exists a line bundle isomorphism η : M8 →∧3,0 T ∗N6 and that N6 carries a U(3)- or U(1, 2)-structure (ω, g, J). We
choose local trivializations ϕα : Uα × R
2 → π−1(Uα) ⊆ M8 such that the
transition functions have values in SO(2). Let x and y be the standard coor-
dinates of R2. There exist unique one-forms e1 and e2 such that ϕ∗α(e
1) = dx
and ϕ∗α(e
2) = dy. If the Uα are sufficiently small, there exists a (3, 0)-form
ρ on Uα such that (ω, ρ) is an SU(3)- or SU(1, 2)-structure whose associ-
ated metric and almost complex structure coincide with g and J . Any other
(3, 0)-form with the same properties as ρ can be written as
(41) cos σα · ρ+ sinσα · J
∗
ρρ
for a function σα : Uα → R. We choose σα such that
(42)
η∗−1(e1)(cos σα · ρ+ sinσα · J
∗
ρρ) > 0
η∗−1(e1)(− sinσα · ρ+ cos σα · J
∗
ρρ) = 0
and define a 4-form
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(43) Φ = 12π
∗ω ∧ π∗ω + e1 ∧ π∗ρ+ e2 ∧ π∗J∗ρρ+ e
1 ∧ e2 ∧ π∗ω
on π−1(Uα). Φ is a Spin(7)- or Spin0(3, 4)-structure. By a similar argument
as before, we can prove that Φ is globally defined. The above observations
yield the following lemma.
Lemma 6.1. Let M8 be an R2-bundle over a manifold N6 that admits a
U(3)- or U(1, 2)-structure (ω, g, J). M8 admits a Spin(7)- or Spin0(3, 4)-
structure if and only if M8 is isomorphic to the canonical bundle of N6.
We therefore propose the following conjecture.
Conjecture 6.2. Let N6 be an analytic compact 6-dimensional manifold
with an analytic U(3)- or U(1, 2)-structure (ω, g, J) that satisfies dω∧ω = 0.
Then there exists a parallel Spin(7)- or Spin0(3, 4)-structure Φ on a tubular
neighborhood of the zero section of the canonical bundle of N6 such that
(1) the restriction of the associated metric to N6 coincides with g and
(2) eyy(exyΦ) = ω for any two orthonormal vertical vector fields ex and
ey along N
6.
Theorem 4.1 yields a parallel Spin(7)- or Spin0(3, 4)-structures Φα on each
set of type ϕα(Uα × Bǫα(0)) for a sufficiently small ǫα > 0. Since we have
added equation (28) to our system, which makes its solution unique, the
Φα are in a certain sense canonical. It would be nice if we could glue them
together to a global Spin(7)- or Spin0(3, 4)-structure and thus prove our
conjecture.
This idea works only if the Φα are compatible with the transition functions
ταβ : Uα∩Uβ → U(1). More precisely, let x and y be vertical coordinates on
π−1(Uα) such that x is mapped to y by i ∈ U(1). Moreover, we introduce
coordinates x˜ and y˜ on π−1(Uβ) with the same properties. On π
−1(Uα∩Uβ)
both coordinates are related by an equation that is analogous to (39). Φα
and Φβ should coincide on π
−1(Uα ∩ Uβ). In particular, this should be the
case if ταβ is constant. In this situation, the restriction of Φα to π
−1(Uα∩Uβ)
is obtained as the solution of Hitchin’s flow equation with a G2-structure φα
on
(44) Vα := (Uα ∩ Uβ)× {(0, y) ∈ R
2|y2 < min {ǫα, ǫβ}
2}
as initial value. Analogously, the restriction of Φβ to π
−1(Uα ∩ Uβ) is ob-
tained as the solution of Hitchin’s flow equation with a G2-structure φβ
on
(45) Vβ := (Uα ∩ Uβ)× {(sin τ · y, cos τ · y) ∈ R
2|y2 < min {ǫα, ǫβ}
2}
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as initial value, where τ is the constant value of ταβ . Let fτ be the diffeo-
morphism of π−1(Uα ∩ Uβ) that is defined by
(46) fτ (p, x, y) := (p, cos τ · x+ sin τ · y,− sin τ · x+ cos τ · y) .
We restrict fτ to a map Vα → Vβ. Since it does not make a difference if
we choose the set on which we construct the G2-structure as Vα or Vβ, we
have φα = f
∗
τ φβ . Therefore, we also have Φα = f
∗
τΦβ for any value ofτ . The
Spin(7)- or Spin0(3, 4)-structure Φ that we obtain by glueing thus has to be
preserved by fτ . The differential of fτ at a point of Uα∩Uβ can be identified
with the complex matrix Aτ := diag(1, 1, 1, e
iτ ). Unfortunately, conjugation
by Aτ does not preserve Spin(7) or Spin0(3, 4) if we interpret it as a real
8×8-matrix. Therefore, we cannot have Φ = f∗τΦ and our conjecture cannot
be proven by this simple idea.
For the same reason we cannot make Φ unique by assuming that the standard
U(1)-action on the canonical bundle leaves Φ invariant. Therefore, the U(3)-
or U(1, 2)-structure on N6 cannot be extended to a U(1)-invariant parallel
Spin(7)- or Spin0(3, 4)-structure. This is a striking difference to [3], where
the fact that diag(1, . . . , 1, eiτ ) commutes with SU(n) allows the existence
of a U(1)-invariant SU(n)-structure on the canonical bundle.
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